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RESUMO

Oz meios continuns elasticos,
sistemas s6lidos e os tluidos.

abrangem 0§

Devido as caracteristicas {isicaz diferentes,
é uso processar, em forma separada e indepen-
dente, indefini-
das do equilibrio. dos corpos solidos e, respecti-
vamente, dos fluidos.

a determinacio das egquacgdes

No presente trabalho, apds uma sinteses, sO-
bre as condicdes de equilibrio dos meios conti-
nuos, em geral, demonstramos que, as funces
de integracio obtidas para os corpos sélidos elds-
ticos (equaches de LAME) podem ser aplicadas
aos fluidos, considerando, apenas, que o modulo
de elasticidade tangencial G dos solides, &, sob
o ponto de vista mecénico, eguivalente & viseo-
sidade » dos fluidos. O médulo G pode, portan-
to, ser substituido per p uma vez gue seja Tes-
peitada a homogeneidade dimensional das for-
mulas,

Demonstra-se, cutrossim, que as equacoes re-
sultantes, satisfazem as chamadas hipdtese de
NAVIER.

Em sinteses, o estudo de qualquer sistema
continue, seja solido seja fluido, pode ser unifi-
cado através da teoria geral da elasticidade.

Na presente memoria, partinde das egua-
¢fes indefinidas — combinadas com as funcoes
de integracdn — foram derivados os principlos
de BERNOULLI e dus quantidudes de nmovimen-
o, para o caso mais geral do fluido compressivel
em escoamento com regime variado.

Cabe-nos avisar gue os vetores foram sim-
bolizados, no texto, por letras negritas, e, nas fi-
guras, por uma setfe,
letra,

gue encima a prépria
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SYNOPSIS
The elastic continuous hodies, include the
z0lid and tluid systems.

Because of different physical characteristics.
the fluid and solid body equilibrium general equa-
iions, are usually determined through separate
and independing proceedings.

In this note, it will be shown, after a =yn-
thesis about the continuous medium equilibrium
conditions, that the functions of integration, ch-
tained for elastic solid bodies (LAME's equa-
tions), may be applied to the fluid bodies, only
considering that the solid tangential elasticity
modulus @ is equivalent, from the mechanical
stand-point, to the fluid viscosity .

Therefore we may substitute viscosity p Ior
modulus G, since equation dimensional homoge-
neily is conhserved.

Moreover, it is shown that the resulting
equations, salisfy the so-called NAVIER'S hypo-
theses.

In conclusion. the study of either continuous
system, solid or fluid body, may be unified through
the general theory of elasticity.

In this nole, starting with the differential
equations of equilibrium combined with the in-
tegral functions, the BERNQULLI’s Theorem and
the Momentuwm Theorent, for unsteadily flowing
compressible fluids, were obtained.

It should be noted that wvectors are symbo-
lized by boldface letters in the text and by @
durt over the same letter in graphs.



1 — SISTEMAS CONTINUOS.
GENERALIDADES.

I.1. — A Mecanica Racicnal define como
sistema continuo, um meio em que cada parti-
cula, ou melhor, volume elementar. esteja em
equilibric sob a acao das forgas externas e in-
ternas, coincidindo, estas Gltimas, com a resul-
tante das acbes que as particulas circunvizinhas
exercem sobre a superficie de contato, da par-
ticula considerada.

Admite-se, outrossim, que as magnitudes fi-
sicas do meio e as forgas atuantes, sejam fun-
cbes continuas das coordenadas do ponte em que
atuam e que, infinitesimais das
mesmas, possanl ser expressos €m funcio das
derivadas primeiras, das referidas eoordenadas.

os acréscimos

1.2. — A MecaAnica Racional, portanto, con-
sidera 0 volume elementar, como sendo uma in-
dividualidade fisica, perfeitamente definida, abs-
traindo-se da composicAo molecular do meio.

Na realidade, conforme a teoria cinética mo-
lecular, as moléculas dos corpos estdo sujeitas a
movimento continuo, cuja energia cinética de-
pende da temperatura.

Nos corpos s6lidos, as moléculas oscilam em
térno de posicées fixas; a amplitude das osci-
iacdes aumenta com a temperatura. Quando a
temperatura supera certos limites, havera troca
de posicio entre moléculas contiguas, as quais,
nio mais continuarfo oseilando em torno de
posicbes fixas; o corpo, entfo, nioc podera ser
mais considerado sélido.

Nos fluldos (liquidos e gases) o fendmeno
de agitacAo molecular é mais intenso e, mesmo
com baixas temperaturas, as moléculas deslo-
cam-se no espaco, sem obedecer a normas ou
esquemas estabelecidos. Por um volume elemen-
tar, cujas dimensbes sejam da ordem de gran-
deza do caminho livre molecular, passardo, con-
tinuamente, moléculas diferentes.

Conclue-se que sémente o volume elementar
de um corpo sélido, tem, realmente, uma indivi-
dualidade fisica; © mesmo nadoc se podendo afir-
mar no que diz respeito aos fluidos.

1.3. — Visando aplicar aos fluidos os prin-
cipios gerais da Mecéanica, que néo podem ser
equacionados para cada molécula, serd mister
interpretar os valores das magnitudes f conside-
radas, no estudo de um determinado fendémeno,
como sendo valores médios, para intervalos de
tempo pequenos e para volumes elementares,
que constituam uma individualidade fisica. Esse
volume elementar &, evidentemente, um valor
limite, abaixo do qual, ndo existe uma correla-
¢do controlada, entre redugic de volume e a
correspondente diminuicdo de moléculas.
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I — CONTINUQUS SYSTEMS.
GENERALITIES

1.1. — The Rational Mechanics defines con-
tinuous system, as a medium where every elemen-
tary volume. is in an equilibrium state, under
externat and internal forces. The latter ldent-
ifying themselves with the resultant action of
ihe surrounding particles, contacting each ele-
mentary volume.

Moreover physical magnitudes and acting
forces must be continuous functions of the coor-
dinates of the point where they act and their
infinitesimal changes must be put into the equa-
tion through the first order derivatives of the
coordinates.

1.2. — The Raticnal Mechanics thus consi-
ders elementar volume as a well defined physi-
cal individuality, without considering molecular
medium composition.

According to molecular kinetic theory, cons
tituent molecules are subjected to continuous
motion, the kinetic energy of which depends
upon the temperature.

As far as solid bodies are concerned, mole-
cules oscillate about fixed positions; the ampli-
tude of oscillation being dependent upon the
temperature. When the temperature exceeds
certain limits, it causes changes of position among
adjacent particles, such that they no longer
oscillate about fixed points; then the body cak
no longer be considered as a selid body.

As far fluids — both liquids and gases —
molecular agitation phenomenon is more inten-
sive and, even at low temperatures, molecules
shift their place in the space, without obeying
established rules or schemes. Different mole-
cules will incessantly go through an elemental
volume, the sizes of which may be as long as
the molecular free path.

It is concluded that only the elemental vo-
lume of a solid bedy has an actual physical
individuality; the same should not be said where
fluids are concerned.

1.3. — To apply general principles of Me-
chanies — which cannot be put into eguation for
single molecules — to fluid hodies, the values

of each magnitude f, considered to study a
specific phenomenon, are to he interpreted as
averdge values, within short spaces of time and
infinitesimal elements of volume identified with
a physical individuality. The volume element
is evidently a limiting value, under which there
is no controlled rate, between volume decreas-
ing and correspondent molecule reduction.

REVISTA D.AE.



O valor médio da funcho f no intervalo de
tempo infinitesima! dt, identifica-se, pois, com:

Tim
AV =0

sendo Af o valor da propria funcao, no volume
finito Ar. Assim, por exeraplo, fazendo-se coin-
cidir f. com o péso ¢ ou com a massa M, os
referidos limites representarao, respectivamenle,
0 péso especifico y e a densidade .

Outrossim, o valor médio definido pela (1},
podera representar a magnitude, em um ponto
P contido em d; serd portanto, uma funcao con-
tinua das coordenadas do ponto, e as suas varia-
¢des serdo funcgdes continuas, das derivadas das
mesmas coordenadas,

Por outra parte, as consideracdes feitas para
as magnitudes fisicas, podem ser extendidas as
forcas, externas e internas, aplicadas ao volume
dr. Também as forcas serdo funcbes continuas
e derivaveis das coordenadas do ponto.

Ficam, portanto, satisfeitas, também para os

fluidos, as condi¢fes analiticas, indicadas no
ITEM I.1.
I.4. — O volume elementar de um corpo

solido, nfc submetido a forcas, apresenta uma
configuracéo natural, definida e estdvel, chama-
da usualmente estado newiro. Ao referide esta-
do, faz-se referéncia, para objetivar configura-
cOes alteradas, devido a aplicacdo de forgas.

Para os fluidos, entretanto, ndo & possivel
eslabelecer uwm estado neuwiro, pois a configura-
¢do molecular do volume elementar, sofre varia-
cbes, nos sucessivos intervalos de tempo df e
nio havera, portanto, uma configuracio de re-
feréneia, mesmo considerando a condicio de re-
pouso, De fato, se um fluido entra em escoa-
mento, e, apds um certo periodo de tempo, vol-
ta a parar, as configuracées wmoleculares, res-
pectivamente, anterior e posterior ao movimento,
nio terdo qualquer correlacio entre si, sendo
completamente diferentes.

[.5. — ESFORCOS OU TENSOES
SIMBOLOGIA CONVENCIONAL

1.5.1. — Esfér¢o ou tensio p, sdbre uma
porcdo de superficie Ag — que limita um volu-
me Ar de meio continuec — é o valor unitario,

isto &, por unidade de superficie, do vetor AE,
resultante das forcas internas (acbes das parti-
culas circunvizinhas), que agem sbbre Aq Vi-
sando considerar a variacido de p sbbre Ag, escre-
vemos, em virtude da (1):
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Then the average value of the function f,
in infinitesimal time dt, reduces to

= - {13

Af being the value of the function itself, within
the definite volume A;. Thus, if function f
corresponds for instance, to weight G or mass
M, the limit (1) will respectively represent, the
specific weight y or the density p of the body.

Moreover, the average value given by eq.
(13, will represent the magnitude at a point P,
contained in dr; it is thus, a continuous function
oi the point cocrdinates and its variations are
continuous functions of the same coordinates
derivatives.

On the other hand, the considerations about
physical magnitudes, may be applied to internal
and external forces acting on the volume dr.
Also the forces will be continuous and derivable
functions of the point coordinates.

The analytical conditions shown in ITEM
I.1 are therefore also satisfied in the case of
fluid bodies.

I.4. — A solid body volume element with
no force acting, shows a natural and steady
configuration usually called wneutral state, to
which we shall always refer when configurations
are modified because of acting forces.

Fluid body neutral state cannot be establish-
ed, since volume element motecular configu-
ration is altered through the successive time
spaces di. There will be no reference configu-
ration even if a steady condition is considered.
As a matter of fact, when a fluid goes into
motion and then back into rest again, after a
time space, the molecular configurations before
and after motion, will have no natural relation
lo each other, because they are quite different.

1.5, --- STRESS CONVENTIONAL

SYMBOLOGY

I.5.1. — Stress p on the portion of surface
Ag — limiting a volume Ar of the continuum
—- is the unitary value — viz for unit of area
— of the vector AE, resultant of the internal
forees, due to the surrounding medium, acting
on Ar. Considering the variation of p on ag,
by virtue of (1), we have
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Tim AE aE
p = — = — - (2}
Ag =0 Ag da
Ou, também: E = [p da (2
.Q
A superficie infinitesimal der. limita wm vo- The infinitesimal surface dg 15 ithe bhoun-

o simbolo

lume infinitesimal dr. E usc chamar

E de empuxo.

dary of an infinitesimal volume . Syvmbol E

iz usually called internal force.

_face
positiva
{positive face)

. face negativa
{rnegative faces

FIGURA Ne 1

1.5.2. — Os esforcos pedem ser de com-
pressiio, tracio ou tangenciais, conforme tendam
a comprimir, tracionar uma determinada parti-
cula, ou, porventura, sejam tangentes & super-
ficie que a limita. Uma vez fixada a dire¢do
P_0§itiVa da normal n, a um elemento de super-
ficie d,, sébre o qual age o esforco p, formando
0 angulg ¢ com m, serd, justamente, a compo-
nente normal:

X n

I P =
que estabelecera a categoria, em que, o estorgo
P deve ger classificado. Para os sistemas conti-
nuos fluides (FIGURA N la) considera-se o
vetor n gesitivo, quande dirigido para o interior
(normal interna) do volume 5, por exemplo
uma esfera, limitado pela superficie g; ter-se-a,
entio (QUADRO N»r 1), esforco de compressao,

tangencial, ou de tracho, conforme, respectiva-
mente:

18

1.5.9. — A stress on a certain particle, may
be classified as pressure when it compresses,
tension when it stretches or shear siress, when
the stress is tangent to its boundary surface.
Since the positive direction of the normal n to
an element of surface dg — on which stress p
is acting — is fixed and 4 being the angle
between n and p, the normal component
D COS 6 3
will establish the classification of the stress p.
If the continuum is a fluld (FIGURA No, la)
the vector n is taken as positive when directed
into the volume + (for instance a sphere), limit-
ed by the surface ¢ (normal directed inward).
Then. as shown in TABLE No. 1, there will be
pressure. shear or a stretching stress, accord-
ing to

REVISTA D.A.E.



J U 30
No cazo dos sistemas elasticos =6lidos, entre- In the rcase of =olid elastic bodiess the aor-
tanto, toma-se. convencionalmente. positiva a
QUADRG (TABLEY N. 1
It \ o8 § o,

esforco de
(pressure)

compressic

esfdr¢o de tracao
(tension. streching
stress)

esforco langencial
tshear stress)

"

fi

normal externn, e, portanto, a condicio (3",
torna-ze:

Px

Diremos, outrossim. que a normal orien-

tada n, entra pela face positiva e sai pela face
negative, da superficie 4 (FIGURA N& 1b).

Observando, finalmente, que as acbes mu-
tuas de dois ponios materiais, logo, em parti-
cular, as agdes moleculares, seguem o principio
da reacdo, igual e oposta 4 acllo, conclue-se, em
virtude da definicio de esfdreo, que os esforcos
correspondentes as faces opostas, de um mesmo
elemento, sdo iguals e contrdrios.

[.5.3. — Indicaremos por p,, © vetor que
representa um esforco, aplicado sdbre a face
positiva de uma superficie plana &, normal ao
€ixo x, isto é paralela ao plano cortesiano yOz
(ver FIGURA N2 2}). A componente de p,, na
direcio do eixo 2z, isto é:

P

This

¢ normal ao plano
nentes:

em quanto as compo-

agem tangencialmente ao referido plano.

REVISTA D.AE,

mal directed owtward is taken as positive; there-
fore condition (3" becomes

37

YIA

Moreover it might be said that the normal
vector n enters the positive face and goes out
of the negative fuce of the surface o (FIGU-
RE Nc. 1b}.

Finally consider that mutual actions between
iwo material points molecular actions in
particular — obey the principle of reaction. It
may be concluded, by virtue of stress definition,
that stresses on fwo opposite fuaces of the same
element of surface, are equal and opposife.

I.5.3. A vector representing the siress
acting on the plane surface =,. positive face
normal to the axis x, namely, parallel to the
Cartesian plane yOz, is called p, (see FIGURE
No. 2). The component of p,, in the direction
of the axis r, expressed by

ry — Xp (4)
will be normal to the plane z,,. while the com-
ponents

6)

act tangentially on said plane.

19



T(!l

Ty,

FIGURA Ne° 2

Analogamente, p, e p, $ao vetores aplicados,
respectivamente, sdbre as faces positivas dos
planos, normais aos eixos ¥ e 2. O QUADRO
Nr 2, reune os simbolos dos vetores e das re-
lativas componentes (notacio de KIRCHHOFF).

indices iguais, indicam componente wormal

B e s U

TCyz

Similarly, vectors p, and p,, act on positive
faces of planes, normal to the axes y and 2z
respectively. Vectors and iheir components are
gathered in TABLE No. 2 (KIRCHHOFF’s no-
tations).

Equal indexes indicate normal component

QUADRO (PROSPECT) N. 2

Componentes nas directes dos eixos
cartesianos (components parrallel to
Esforgos R
the cartesian axes}
(Stresses)
———— _I ——— —— — g~
B [
P Peo ‘ Pon ‘ p.-
P, Pys ‘ Buy BPyz
P Voo Py Pz

tendo a direcdo do eixo carteziano do mesmo
nome. Indices diferentes, indicam componentes
tangenciais, O primeiro indice corresponde ao
eixo, ao qual o plano é normal; o segunde indice,
entretanto, indica o eixo, ac qual a componente
é paralela.

in the direction of Cartesian axis of the same
letter. Difierent indexes show tangential com-
ponents. The first index indicates the axis to
which the plane is normal; the second index
indicates the axis to which the compoent is
parallel.

REVISTA D AE.



II. — SINTESE S0OBRE AS CONDICOES DE II. — SYNTHESIS ABOUT THE EQUILIBRIUM

EQUILIBRIO DOS SISTEMAS CONTINUOS CONDITIONS OF THE CONTINUUM
I[.1. — EQUACOES DE EQUILIBRIO I1.1. — INTERNAL EQUILIBRIUM
INTERNO EQUATIONS
[[.1.1. — Considera-se um paralelepipedo II.1.1. — Consider an elemental parallele-
elementar (FIGURA N 33, cujas arestas, dx, pipedon (FIGURE No. 3), the sides of which
dy. dz, sAo paralelas aos eixos cartezianos. ax, dy, dz, are parallel to the Cartesian axes.
Sendo , a densidade, o volume e a massa Call , the density. The parallelepipedon vo-
do paralelepipedo, serao, respectivamente: lume and mass. will be, respectively,
dr = dx dy dz (T
dm = , dr 18
Indicamos, respectivamente, por: Respectively, define
F=X i1i4Y . .j+ Z. Kk 9
A= 11_-{_ i+ Ay . j + A? .k (100

as forcas de massa e as forcas de inércia (que as the mass force and the inertial force iihe
se anulam se 0 meio estiver em repouso), divi- magnitude being zero when the continuum is
didas pela massa dm, isto é, pela unidade de at rest) per unit of mass. Vectors i, j, k, are
massa. Os vetores i, j, K, sdo vetores de modulo unit vectors, orientated in the direction of Car-

unitaric, orientados na direcio dos eixos carte- tesian axes x, ¥, 2, respectively.
sianos x, ¥, 2.

S0bre as faces do paralelepipedo, atuam os The stresses acting on the faces of the
esforgos, indicados na FIGURA N.° 3. Cabe sa- parallelepipedon, are shown in FIGURE No. 3.
lientar, que sio considerados positivos, os esfor- It should be emphasized that the stresses are

cos aplicados sobre a face do paralelepipedo, cuja considered as positive, when acting on the paral-

AN 4

Z21
Ic \\ B
1 n
| T. = P
| ! K P
o : : £ Pty L)
R . S R N 1Y X
Y ‘

-

~

—B 4 Layidx &
H 3y y

FIGURA Npe 3 FIGURA N& 1
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normal inierna, tenha a mesmae direcdo e o mes-
mo sentide do eixo coordenado, perpendicular i
propria face.

Assim, por exemplo, considerando (FIGURA
N2 3 as [aces perpendiculares ao eixo x, vemos
que o esforgco & positivo sdbre a face OCGD e
negativo sébre a face ABFE.

As equacgdes de equilibric interno, ou inde-
jinidas, sio obtidas, aplicando o 1.2 e o 2.0 prin-
cipio da Estatica.

I1.1.2. — Em virtude do 1~ principio da
Estdtica, a resultante das forcas aplicadas, deve
ser nula. Recordando entfio o paradoxo D’ALEM-
BERT, ter-se-a (ver APENDICE, ITEM A 1.1.):

lelepipedon face, having the normal directed
inward in the same direction and orientation
as the coordinate axis.

As an example (FIGURE N. 3), if faces per-
pendicular to the axis r are considered, stresses
acling on the face OCGD are positive while
acting on the face ABFE are negative.

Internal equilibrium or indefinite equations,
are obtained applying the 1st and the 2nd prin-
ciple of the Statics.

I1.1.2. — By virtue of the 1st principle of
the Statics, the resultant of all acting forces.
must be equal 1o zero. Then, recalling D'ALEM-
BERT'S principle, it will be {(see APPENDIX,
ITEM A 1.1.)

Py EDH op:
o (F — A) = (11
g oy 0z
A expressio (11}, que equaciona a 12 con- Eqg. (11) represents the first condition of
dicado do equilibrio dindmico, projetada nas di- dynamic equilibrium; projecting the vectorial
recbes de =x, ¥y, 2 levando em consideracao o equation (11) in the direction of x, %. 2z and
QUADRO N.» 2, da: utilizing TABLE No. 2, we have
ap.r.t‘ ap!fi' apz.»
" (X — 4 = + +
ax oY az
a'p.Ly apyy ap?y (12
Y — 4, = —- 3+ —— 4+ —— )
" ' o oy 2z
Gy Orye Gy
Z - 40 = + +
P : tar oy 2z
II.1.3. — Em virtude do 2° principio da I1.1.3. — By virtue of the second principle

Estatica, deve ser nulg a resultante dos mo-
mentos, de tédas as forgas aplicadas, em rela-
¢do a um eixo que passa pelo centro do parale-
lepipedo.

Uma vez que so nulos os momentos das
forcas de massa, das forcas de inércia e das
componentes dos empuxos, paralelas ou normais
ao eixo considerado, calculando-se os momentos,
respectivamente, em relacio a 3 eixos, paralelos

aos eixos coordenados #, ¥y, 2, obtém-se (ver
APENDICE, ITEM A.1.2.):
Byz =
Dz
Puy =
Como se sabe, as (13), (14), (15), podem

ser sintetizadas na equacfo vetorial:

(D,e:/\i)+(lly/\j)+1)z/\k)=0

22

of the Statics, the resultant of all acting meo-
ments about whatever parallelepiped centerline,
must be eqgual to zero.

The momenis of the external forces (mass
and inertial forees) plus the internal force com-
ponents, parallel or perpendicular to said cen-
terline, are equal to zero. Then if the moments
about three centerlineg, parallel to coordinate axes
x, Y, 2, are calculated we obtlain (see APPEN-

DIX, ITEM A.1.2).
Py (13
Pz (14)
Pye (15
Ag is known, egs. (13}, (14} and (15) may
be synthesized into the vectorial equation
(167
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gque representa, justamente, a 2.t condiciio do
equilibrio interno.
A FIGURA N.* 4, por exemple, considera o

caso em gue, o eixo ¢ paralelo a .

II.1.4. — As componentes (13), (14) e (15,
agem tangencialmente. nos respectivos planos.
em gue se situam; sdo chamados pardmetros fan-
genciuis dos esfor¢os, e sdo adotados, em geral,
os simbolos convencionais:

Py =

Pr: = Paz

Bye = Pay =

0 indice da letra T, indicando o eixc carteziano.
perpendicular ao plano gque contém as duas com-
ponentes iguais.

Entretanto, as componentes, tendo indices
iguais (ver QUADRO N.° 1}, sio chamadas pa-
rdmetros normais e representadas pelos simbolos:

Byy
p.T.C

Doz

A substituicdo das (17}, (18), (19), {20),
nas equacbes (12), reduz de 9 para 6, as varid-
vels que dependem dos empuxos; podemos de
falo escrever:

Hye =

which is just the 2nd condition of internal eqii-
tibrinm.

FIGURE Ne. 4, for instance, is relevant to
the case when the centerline is parallel to the
z axis.

II1.1.4. — Components (13), (14) and ¢15),
act tangentially on the planes where they lie
and are called tangentiul stress parameters. The
following conventicnal symbols are used

= T (17
=T, (18»
= T, am

where T subindex shows the Cartesian axis, per-
pendicular to the plane where two equal com-
ponents are situated.

Meanwhile, equal subindex components {(see
TABLE No. 1) are called normal parameters
and are represented by the symbols

Ny
N, (200

N,

Combining eqs. (17), (18), (19}, (20}, and
equations (12), reduces the variables depending
on internal forces, from 9 to 6. In fact, it can

he wrilten

N, ¢T, aTy,
] (X _ A,) = + . +
ox oy oz
2T, N, 0T,
p (Y — A) = + — + 20
' ox oy 0z
aT, T, ZN,
(% — 4.) = + +
P ? ax oy oz
I1.2. — EQUACOES DE EQUILIBRIO AO II.2. — EQUILIBRIUM EQUATIONS ABOUT
REDOR DE UM PONTO A POINT
II.2.1. — Consideremos um tetraedro ele- I11.2.1. — Consider an elemental tetrahedron
mentar (FIGURA N2 5), em movimento, cons- in motion (FIGURE No. 5, formed@ by three

tituido de trés faces, paralelas aos plahos coor-
denados eartezianos, tendo o vértice comum O,
e de um elemento diferencial de superficie da =
= ARC, considerado plano, uma vez gue se Su-
pbe que, na superficie, ndo hé discontinuidade
da 12 e 2.2 ordem., Sdbre as faces OBC, OAC e
OAB, de area da,, da, da, agem os esforgos
Ps Py € p.. SObre a face ABC, de drea da —

REVISTA D.A.E,

faces, parallel to the coordenate Cartesian pla-
nes having common vertex in point O and by
an infinitesimal surface element da = ABC.
assumed to be plain, since no 1st and 2nd order
discontinuities are encountered on the proper
surface. Stresses acting on the faces OBC, OAC
and OAB, having area du,, da,, da, are p, py
and p,. Stress acting on the face AB(, having



cuaja orientacio ¢ definida pelos cosenos direto-
res cos nz, cos ny, cos nz, da normal n, dirigida
para o interno do tetraedro — age o esforgo:

a=1i.

As forcas de massa e de inércia, aplicadas
ao volume dr do tetraedro. sdo diferenciais da
32 grdem, e, portanto, despreziveis em relacic
aos empuxos que agem sdbre as quatro faces e
san diferenciais da 2.2 ordem,

y

[1.2.2. — Aplicando a 1.* equacio da Esta-
tica obtém-se a condicdo de equilibrio do te-
traedro, pela equacdo (ver APENDICE, ITEM
A 1.3

/s

~ -~ el
g = P, €08 HX + DP:cus BY + P, COS Rz

Projetando na direcdo dos eixes coordena-
dos, recordando o QUADRQO N2 1 e as expressoes
A7), (18), (19 e (200, temos:

N, cos

o =

oy = T, cos

or T, cos

As eguacoes (22) e (22') consubstanciam o
teorema do tetraedro ou de CAUCHY, e sdo va-
lidas para qualguer ponto, no interior do meio

g + J -

FIGURA N=® 5

a
nr + T, cos
Py

ax + N, cos

-~
ne + T, o8

area di — such that the orientation is defined
by the inward-drawn normal n directive cosines

— is

on + K . a:

Mass force and inertial force acting on the
tetrahedron volume dy, are 3rd order differen-
tials and. therefore, negligible with respect te¢
internal forces acting on the four faces, which
are 2nd order differentials.

‘3\
%
e

11.2.2. — Applying the 1Ist equation of
Statics, yields the tetrahedron equilibrium con-
dition, through the equation (see APPENDIS,
ITEM A.1.3

(22)

A

Projecting in the direction of the coordinate
axes and utilizing both TABLE Neo. 1 and egs.
(17}, (18), (19) and (20). we obtain

o~ -~
ny + T, cos nz

a A .
Ry + T, cos nz 1227
A ~

ny 4+ N, cos nz
Egs. (22) and (22') consubstanciate {etra-

hedron or CAUCHY's theorem and are valid in
all points of the continuum; tetrahedron being

REVISTA D.AE



continuo. podendo estar situado, o tetraedro, em
qualquer dos ftriedros. determinados pelos pla-
nos coordenados. Essas equacgdes, permitem cal-
cular o esférco 5 sobre a superficie genérica da.
como funcic linear dos esforgos p,, p, P —
gue agem sébre faces do tetraedro ou do para-
lelepipedo (Item I1.2.1) — e sdo validas, em
particular, para superficies limites. Isto é para
elementos da superficie que limita um certo vo-
iume + do meio continuo, estando sujeita as
acbes externas. Por ésse motivo, as equagdes
(22) e (22) sda chamadas. também, equacdes de
euilibrio do contérro.

11.3. — CONSIDERACQOES

11.3.1. — Observamos, em primeiro lugar.
que no c¢aso em gque o sistema continuo esteja
em repouso, nas equagbes (11), (12 e (21},
devera ser posio, respectivamente:

4, = A,

A formula de CAUCHY 22), (227, enire-
ianto, apresenta-se wa mesmy  forma, quer o
meio esteja em moviments ou nao.

I1.3.2. - - O sistema de trés eguacdes inde-
finidas (21), combinado com o sistema de trés
equacdes finitas (22'), nao é suficiente para de-
terminar os esfor¢os normais N; e os tangen-
ciais T, pois que, para integrar as equagbes di-
ferenciais, precisamos de fung¢des de integragio
gue ainda desconhecemos.

Para cadas ternos de N; e T, (i = &, ¥, &)
poderiam estabelecer-se infinitas funcgbes f (.
¥. ), que satisfacam as condigdes de equilibrio
mecanico em todos os pontos do volume - (inte-
rior e superficie limite}, submetidos a forgas de
massa e de inércia. Para achar a soluclo real
do problema, serd preciso relacionar os esforgos
N, e T;, com as deformagtes que o volume so-
ire, em virtude dos mesmos; as referidas rela-
ches constituem, justamente, as fungdes de inte-
grapfdo procuradas.

II1 — RELACOES ENTRE ESFORCOCS E
DEFORMACGOES, NOS SISTEMAS CONTINUOS
CONFORME A TEORIA GERAL DA
ELASTICIDADE. FUNCOES DE INTEGRACAO

1I1.1. — DESLOCAMENTOS E DEFORMACOES

II1.1.1.
linuo

— Consideremos, urn sistema con-
elastico que. nido submetido a forcas.
apresenta (I.4) uma configuracio definida e es-
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able to lie in everyone of the trihedra formed
hy coordinate planes,

Those equations allow us to calculate stress
s on a generical surface du, as a lineal function
of the stresses p,, p, and p. — acting on a tetra-
hedron or parallelepipedon faces — and are valid
in particular on boundary surfaces. that is on
elements of surface, limiting a continuum volume
+ under external actions. Therefore equations
22y and (22 are called also boundary equili-
brium equations.

11.3. — CONSIDERATIONS

11.3.1. —— It is first observed that, if the
continuum is at rest, it should be considered in
egs. (11), (12} and (21), that

. (23
A, =0

CAUCHYS’s formula, meanwhile, suffers o
change whether the continuum is or is net in
motion.

11.3.2.
combined
(22'}.
stresses N; and shearing stresses T; whereas inte-
gration functions, not yet known, are required
1o integrate the differential equations.

- The indefinite eqgs. (22) system.
with the system of finite equations
is not sufficient to determine normal

Whatever groups of N; and T; (i = x, @, 2!
are taken, infinite functions f (x, ¥, &) can bhe
established that satisfy mechanical equilibrium
in each point of a volume 7 (both internal part
and boundary surface), where mass forces and
inertial forces act. In order to iind the solution
to the praoblem, the stresses N; and T; are to be
related to the deformations altering the volume
7, by virtue of stresses themselves; the resulting
equations are just the sought functions of inie-
yration.

1III. - RELATIONS BETWEEN STRESSES
AND DEFORMATIONS IN A CONTINUUM
ACCORDING TO THE GENERAL THEORY OF
THE ELASTICITY. FUNCTIONS OF
INTEGRATION

IIT1.1 -— DISPLACEMENTS AND
DEFORMATIONS

ITE.1.1. Consider an elastic continuum
which, no forces acting, shows (I.4) a definite
and sleady configuration (neuiral state), na-

T
or



tavel (estado neutro), isto &, um sistema conti-
nuo, com as caracteristicas dos corpos solidos.
Fixemos um estado inicial do corpo, ao qual
sdo referidos, esforgos e deformagdes. Esse esta-
do pode ser identificado com um estado neutro
gue considera, apenas, os esfor¢os e as defor-
mactes que se produzem, a partir do mesmo,
prescindindo daqueles anteriores, responsaveis,
alids, pelo proprio estado inicial. E licito, entdo,
aplicar, ao referido sistema, os principios admi-
tidos pela teoria geral da elasticidade.

II1.1.2. — DESLOCAMENTOS
Considere-se um elemento de volume ;. em
um meio continuo. Devido as forgas aplicadas,
o volume deforma-se; um ponto genérico P,
passa para a posicAo P,;, sofrendo um desloci-
mento, cujas componentes nas direcdes dos eixos
coordenados chamaremos §., 8, §-.

FIGURA N2 6

Admitle-se, enquanto nao seja eslabelecido,
de um modo explicito, o contrario, que os des-
locamentos sejam fungdes, econtinuas e unifor-
mes, das coordenadas x, ¥, 2, do ponto genérico,
assim como, as derivadas primeiras e segundas e
que as derivadas terceiras tenham um valor Uni-
co. Fica, assim, garantida, a auséncia de qual-
quer digcontinuidade no meio; em particular, ndo
havera diferencas finitus de deslocamentos, entre
pontes  inifinilamenie  prdzrimos. Admite-se,
outrossim, que os deslocamentos sejam muito
pequecnos e gue. ao longo de um segmento reti-
lineo, a variacdo dos mesmos, possa ser Consi-
derada linear.

mely a continuum having solid body characte-
ristics. Fix a body in a certain state, to
which stresses and deformations are applied.
That state may be identified, with a neutral
state, which considers only stresses and defor-
mations that perform beginning from said state
and disregarding the foregoing stresses and
strains, responsible for the proper neutral state.
Then, the principles of the general theory of
elasticity wmay be applied to that system.

II1.1.2. — DISPLACEMENTS

Consider an element of volume r in a con-
tinuum. Because of the, acting forces, the vo-
lume is distorted; a generical point P goes for
a position P, having a displacement § (FIGU-
RE No. 6), the compenents of which, in the
direction of coordinate axes, will be called §,. §,.
§s

z
G B
C. | 48, B, |
-t ;
: -
S, dz d ‘;
c B {0 dx A, A,
dz f— S - ———
9] dx A E X

FIGURA Nr° 7

It is explicitly established that displacements
and their first and second order derivatives are
supposed to be continuous and uniform functions
of the coordinates x, ¥, z of the point P; mo-
reover the third order derivatives will have a
single value. In this way, whichever disconti-
nuity lacking in the body is guaranteed; there
will be especially infinifesimal differences of dis-
placements between points, the distance of which
is infinitesimal. Besides the displacements are
assumed to be very small and their varia-
tion along a straight segment are considered
as linear.
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As deformacées, em virtude das hipéGteses
postas, podem ser expressas em fungado das de-
rivadas primeiras dos deslocamentos; e podem
ser, de trés categorias distintas: longifudinais,
angulares ou tangenciais e de raotacdo.

Examinaremos., brevemente, as referidas de-
formacdes, e recordamos que, uma deformacéo
tridimensional, pode ser decomposta em trés de-
formacbes bidimensionais, cada uma loealizada
em um dos planos coordenados.

II1.1.3. — DEFORMACOES LONGITUDINAIS

Consideremos (FIGURA N2 7) a face de um
paralelepipedo elementar, OABC, de area (dx.
dz), que se desloca, paralelamente a0s eixos x
e 2z, deformando-se, isto & sofrendo os acrésci-
mos d§, e da, respectivamente, nas directes dos
dois eixos coordenados.

By virtue of the hypotheses considered, de-
fornwations may be expressed in function of dis-
placement first order derivatives. They can be
separated into three classes: longitudinal, angu-
Inr (tangential) and rofation deformations.

Said deformations will be shortly surveyed:
it should be recalled that a tridimensional de-
tormation may be separated in to three bidi-
mensional deformations. each one being placed
in one of the Cartesian coordinate planes.

I1I1.1.3. — LONGITUDINAL DEFORMATIONS

Consider (FIGURE No. T the face of an
elemental parallelepipedon, OABC, having area
(dx . dz}, displaced in the derection parallel to
the axes x and z and distorted, that is to say,
suffering variations d§, and ds,, in the direction
of same name ccordinate axes. It will be evi-

Sera evidenlemente: dent that
a8,
d§, = dx
o
382
a3, = dz
oz
E, a deformacdes longitudinais unitarias séo: Thus, the unitary longitudinal deformations
are
ds, 08,
i.n. = = -
dx ox
(24)
] a8 08,
2 = =
* dz oz

Analogamente, examinando a deformacio,
paralela ao eixo y, obteremos:

iU

A deformacido unitdria tridimensional
cibica, i, tem, como componentes, i., i, i..

ou

II1.1.4. — DEFORMACAO ANGULAR OU

TANGENCIAL

A deformacio tangencial, altera os &ngulos
formados pelas faces de um paralelepipedo ele-
mentar (os angulos retos tornam-se obliquos) e
tende a fazer deslizar, um elemento sbbre outro,
sendo, contudo, excluida qualquer rotacio, dos
planos bisetores.

REVIZSTA D.AE.

Obviously considering the deformation pa-
rallel to axis ¥, yields

35,

oy

The unitary tridimensional — or cubic --
deformation i, has, as components, i, i, i.

II1.1.4. — ANGULAR OR TANGENTIAL
DEFORMATION

Tangential deformations modify the angles
between faces of an elemental parallelepipedon
{right angles become oblique angles) and tend
to slide elments over each other. excluding ro-
tation of the planes bisectors.

29



Consideremos (FIGURA N2 8), a face OAB(
do paralelepipedo. normal ao eixo ¥, que, atra-
vés de um deslocamento longitudinal e uma de-
formacio tangencial, passa para a configuracio.
Gy, O paralelepipedo podera sofrer, ao mies-
ma tempo uma deformacio longitudinal (ITEM
111.1.3 ) cujo efeito sobrepde-se ao efeito da de-
formac¢an que estamos estudando. O angulo reto
(e torna-se:

W0y = —=

2

Sendo vy .” 3 'y,f hastahle peguenos para po-

der ser identificados c¢om as respectivas tan-
gentes.
Par outra parte:
. 1
7 dz
. 1
e T gy

Por conseqiiéncia. a deformacan tangencial.
NEPA

Yo = T + vy,

Analoganiente, considerando as deformactes
de faces perpendiculares, respectivamente, aos

eixos 2 e x, obteremos:

Cabe observar
indica o

que o indice do angulo v,
nome do eixo coordenado. normal

plano, em que se localiza o préprio &ngulo.

an

IIT.1.5. — DEFORMACAQ DE ROTACAO

Em virtude do movimento giratério, uma
particula sofre uma rotag¢do, que se determina,
estudando as rotacdes componentes, em cada um
dos planos coordenados.

Considerando, por exemplo, ¢ plano y:, nor-
mal ao eixo o (FIGURA N.2 9, a particula serd
representada por dois segmentos ortogonais:

db = dy

Z8

Consider (FIGURE No. 8) the paralleiopi-
pedon face OABC, normal to axis y, which passes
L0 the econfiguraiion Oa,b,c; by a longitudinal
translation and a tangential deformation. The
parallelepipedon could simultaneously undergo a
longitudinal deformation (ITEM III1.1.3.}, the
effect of which overlaps the effect of the defor-

mation that is just being studied. The right
angle becomes
-4y, (26

angles y,q and y ;’ being small enough to be iden-
tified with the respective tangents.

On the other hand

a8,
- d:
0z
27)
ia82
—— s
dx
Therefore. the tangential deformation will
he
g, 08,
S 128
a2 iz

Likewise, considering deformalions of faces

normal, to axes z and ., yields

as,
+ o (29
oy
s,
+ (30
iy
It should be observed that subindexes of
angle vy, indicate the name of the c¢oordinate

axis, normal 1o the plane on which the prope:
angle is placed.

IE1.1.5 DEFORMATION OF ROTATION

By virtue of rotational motion, a particle
uindergoes a votation, which is determined hy
projecting t1he component rotations onto each
nne of the coordinate plancs.

For instance, if the plane ¥z, normal to
axis @ is considered (FIGURE No. 9), a particle
will be represented by two normal segments

e = dz

REYISTA D.AE.



FIGURA Nw© &

paralelos. respectivamente, a y e z; a rotacao ,,
& a soma algébrica das rotagdes o, ¢ w,. sofri-
das por dy e dz.

Com critério anélogo, sdo definidas as rota-
des w, € @, respectivamente, em plenos normais
ans eixos ¥ e 2.

Alravés de operacdes analiticas, expostas no
APENDICE, ITEM A.1.4.
guintes expressdes:

sAn ohtidas as  se-

1
w, = 7

&

1
W, =

K4

1
Wy =

Asg expressdes (31), (32) ¢ {33). equacioham
as componentes do rotor §.

[11.1.6. — RELACODES ENTRE ESFORCOS

E DE FORMACOES

As relagbes entre esforcos e deformacoes.
partindo de um determinado estado inicial. sédo
estabelecidas pela lei empirica de HOOKE. apli-
cada aos corpos eldsticos, Admite-se, na teoria
geral da elasticidade, que o mddulo de elastici-
dade longitudinedd (ou de YOUNG) E e o ind-
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FIGURA Nr 8

parallel to y and z respectively; rotation , is
the algebraical sum of rotations o, and w,, un-
dergone by dy and d=.

Through similar criterion, roiations , and
w: — placed on planes normal to axes y and :
— are defined.

Analytical calculations, shown in APPEIX-
DIX. ITEM A 1 4, yield the following expressions

68 FBH
- . 31

Ay I

€3, i,
R - 32

2 [

G, 8,
- (33

th s ¢y
Equations (31, (32) and (33}, give the

components of rotation of the vector §.

I[IT.1.6. — RELATIONS AMONG STRESSES

AND STRAINS

Tre relations between stresses and strains
— starting from an established neutral state —
are fixed empirically by HOOKE’s low, applied
to elastic bodies. According to the general theory
of elasticity the coefficient of longitudinal elus-
tieity (YOUNG’s modulus) E and POISSON’s



1
dulo de POISSON

- (relagio entre i, ou iy

e i), sejam constantes e independenies: do tem-
po; das cgordenadas do ponto considerado (con-
dicio de homogeneidade); da diregdo do esforgo
ou da deformacao (condicio de isotropic); da
intensidade e modalidade de aplicacio dos esfor-
Cos.

A férmula generalizada de HOOKE:

da a deformacio unitaria i, de um elemento de
volume, em uma direcao s. como funcio linear e
homogénea do esfor¢o normal f,, aplicado na di-
recéio de s e dos esforcos nermais {; e f;, perpen-
diculares entre si e localizados em um plano per-
pendicular a direcdo s.

S3o0 considerados positivos (ver 1.5.2) os es-
for¢os que tendem a comprimir o volume.

Assim pois, quando

fo >

isto &, o 22 membro é positive, havera um en-
curtamento na direcado de s, logo i, serd negativo.
Isso justifica o sinal (=) do 1.° membro, visan-
do homogeneizar a (34), em relacidc aos sinals.

I11.1.7. — RELACOES ENTRE PARAMETROS
NORMAIS N,, N, N,, E DEFORMACOES

(R

A formula (34), aplicada ao paralelepipedo
elementar, representado na FIGURA N.° 10, pa-
ra delerminar as deformacgfes unitarias na di-
recado dos eixos da:

by |~

—

5]

1

E

QOperacdes analiticas, referidas no APENDI-
CE., ITEM B.1. permitem transformar as (36),

na forma eguivalente:

N,

N, = -

50

i+ b

1
Mmoculius

(relation between i, or i, and
e

i,) are supposed to be constant and independent
of: time, coordinates of the point P (homoge-
neity condition), stress or strain direction (iso-
tropic condition), intensily of the acting stress.

The generalizing HOOKE's formula as

fi + 12
(1 - 22
m

gives unitary strain i; of the elemental volume
in the direction s, as a linear and fromogenecus
function of the normal stress f, acting in the
direction s and the normal stresses f; and fe,
perpendicular to each other and placed on a
plane, perpendicular to the straight-line s.

34)

Stresses tending to compress the element of
volume are considered positive. Therefore, when

(35)
m

the second member is positive, there will be a
shortening in the direction of s and i will be
negative. That justifies the (—} sign of the first
mentber, in order to homogenize eq. (34), as
far as signs are concerned.

III.1.7. — RELATIONS BETWEEN NORMAL
PARAMETERS N, N,, N, AND STRAINS

by Ty 12

Apply eq. (34), to the elemental parallelepi-
pedon drawn in FIGURE No. 10. The unitary
slrains in the directions of Cartesian axes, will
be

Ny, + N,

N, — e
m

N, + N;

( N” - f)
: T

N, + N,

N, - ——
m

Analytical operations, reported in APPEN-
DIX, ITEM B.1, vield egs. (36) transformed into
an equivalent form

(36)

— 2Gi, — A,
— 226G, — A (37)
24, — Al
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nas gquais:

sac respectivamente: a deformacio ou dilafagdn
cubica; o modulo de rigidez, ou de elasticidade
transversal; um coeficiente proporcional a G,
logo a K.

Somando, membro a membro, as (37), obtém-
se:

(N, + N, + N}

iste &, a somu dos Irés pardimetros normais ¢
constante, qualquer que seja a orientacfo dos
eixos; sendo que, também i, é constante. O coe-
ficiente de proporcionalidade (3) + 2G) é cha-
mado, maodulo de compressdo.

FIGURA N.° 10

IIT.1.8 — RELACOES ENTRE T,, T, T, E
AS DEFORMAGOES .. v, ve

Congideremos (FIGURA N.° 11), um cubo ele-
mentar, submetido, exclusivamente, ao esférco
langencial:

Pex = e =

que age, nos contornos dos quadrados paralelos
ao plano x0z, logo, hormais ao eixo .

Demonstramos no APENDICE (ITEM B.2)

que, nas diagonais Ob, ac, — gue sido perpendi-
culares entre si, e formam &angulos de 45° com
as arestas do contdrno Oabe — se produzem es-
forgos:

REVISTA D.AE,

(38>
m E
_— 3%
m + 1 2
24
= — (407
m — 2

are respectively: volumetric expansion; modulus
of rigidity, or coefficient of elasticity in shear;
a coefficient proportional to G, therefore to H.

Summing first and second members of eags.
(37), 1o each other, results in

= — {3\ + 26} i, 37

such that the sum of the three normal parame-
ters is o constant, whichever is axis orientated,
since i, is also a constant. Coefficient of propor-
tionality (3a + 249
compressibility.

is called the modulus of

FIGURA Np£° 11

1I1.1.8. — RELATIONS BETWEEN T,, T, T.
AND DEFORMATIONS vo yu 72

Consider (FIGURE No. 11} a cubic element,
and moreover, the single shearing stress

T, 1)

acting on the edges of squares, parallel to the
plane 20z, thus, normal to axis ¥.

It is show in APPENDIX (ITEM B.2)
that the stresses acting on the diagonals Ob, ac,
-~ which are perpendicular to each other, angles
between them and the Oabe outline edges being
439 — that is to say

31



que tendenm a encurtar a diagonal «c e alongar
a diagonal Oa. O quadrade Qabe( deformar-se-a.
iomando, a configuracao Ca,, b;. ;. O, em quanto
o angulo reto cQa. torna-se:

Al
0ty

sendo:
Yo T Y

« decrégeimo angular.

O encurtamento unitario da diagonal «c.
sera:
w4+ "y 4+ ey
by = — — = . - = — —
( ac ar l_/ ?

onde v,. ¢ o valor modular do angulo.

Por outra parte. aplicando a lei de HOOKE
134), a um paralelepipedo, cujas faces sejam
normais és diagonais Ob, ac, e, recordando a
(42} teremos, na direcio de ac, um decréscimo
unitario, cujo valor abscluto é:

T, )
tend to produce diagonal ¢ shortening and dia-
gonal Oa stretching. The sguare OabeC. will
change shape, taking the configuration Oda;. b, ).
(3. while the right angle cf)a becomes

.
= r0u — v,

and
+ v
is the angular decrease.

The unitary shortening of the diagonal ac
will he

13

where v, is angle modular value.

On the other hand, applying HOCKE’s low
1343, to a parallelepipedon, the faces of which
are normal to the diagonals Ob, ac and recailing
eq. (42), an unitary decrease in the direction
of ne, is obtained having the absolute value

T, o+ 7 T,
fae = —— —_— = ()
E m 207
E, igualando os segundos membros das (43} Egs. 43y and (44 combine to give
e 44y
T“. = — (7 . Yo 145)
Operando. com critério andlogo, sbbre ele- Operating analogously on plane elenents
mentos planos normais  respectivamente,  aos normal. to axes r and :. yields
€ix08 »r e . obteremos:
T, = — . Y
(36)
T. = — 6 v
I1I1.1.9. — EQUACOES DE LAME — [i1.1.9. — LAME's EQUATIONS, ELASTIC

EQUACOES DE EQUILIBRIO DOS SOLIDOS
ELASTICOS

As equagbes (37), (45) e (46), sdo chamadas
e LAME.

Recordando as expressdes (24), (23), (28).
201 e (30}, e sendo
08, "y
i, = o +
‘ ar oy
reuvnimos abaixo, as referidas equagdes. na

outra forma. em gue. os parAmetros dos esfor-

32

SOLID EQUILIBRIUM EQUATIONS

Equations (373, 43 and (46 are called
LAME's eguations.

Recalling the expressions (24). (25), (28),
(29), (30 and that

28
+ = dir P 47

LAME’s equations may be transformed into the
equations gshown helow, where stress parameters
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cos sdo dados em fungae das derivadas primei-

are given in function of displacement components,

ras. das componentes §,, 8, 8. do deslocamente, 310 84 8. It will be
Ter-se-a:
08,
N, = — 26 — —x dir §
Ar
d8y
N, = — 2G - - A .odivr . §
Y
0§, )
N. = - 2G — — x div @
48
08y 08z
T, = — & {- e
Az ¢y
a'st alsz
T, = - G R
( fx ar )
Ta' = — (7 + _
ax ay

s

Cabe, nos salientar que, na teoria geral da
clasticidade, é freqiiente o uso de se consi-
derar, os esforgos de tracfio, positivos. Neste ca-
30, nos segundos membros das formulas (48), o
sinal (+) substitue o sinal (—).

Combinando as (21) com as (48), e posto
A, = 4, = 4, = 0, obtemos as equagbes inde-
finidas de equilibrio dos corpos elasticos sélidos.
Referimos, abaixo, essas equacles omitindo o de-
senvolvimento de cdlculos, pois que, um proces-
0 analogo serd expdsto no APENDICE, para o

It should be emphasized that, in the gene-
ral theory of the elasticity, tensile stresses are
often considered as positive. In this case. the
positive sign would be substituted for the nega-
tive sign in the second members of equations
(48),

Taking A, = 4, = 4, = 0, egs. (21} and
(48) combhine to give the equilibrium general
equations of solid bodies, which are written
below (49). Calculation performances have been
omitted, since an analogous proceeding will be

caso especifico dos fluidos. Temos: shown in APPENDIX, for the specific case of
liuids, resulting in same comment as for (48).
l
oX = (0 + G div [ S SR VE S
WY = (n + G R“ div 5+ V4.8, 149
! 1y
I
wZ = (h + ) - dir i+ G AV
£z
Nas quais: Where
az a2 a2
JER—, —_ 4+ -
v Al + y? dz?
é 0o operador de LAPLACE. is the LAPLACE’s function.
Recordamos que, junto com as equacdes Egs. (49) should be satisfied with: equations

€49+, deverdo ser satisfeitas: as equagdes de com-
patibilidade. que relacionam deformacoes linea-
res {i;) e angulares (y,) e que podem ser €x-
pressas também, em fungho dos esforgos; as
equacbes de contdrno (227, eventualmente trans-
formadas pelas formulas de LAME (48); as con-
dicdes peculiares do caso especifico estudado. E

REVISTA D.AE.

of compatibility, relating the lineal () and
angular (y;) strains, which may be also given
as a function of stresses; boundary equations
(22", transformed, eventually, through LAME's
peculiar conditions of the specific

It is typical. for instance, for

formulae;
case considered.
the case of mass forces to be constant or to
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tipice, por exemplo, ¢ caso em que as forcas de
massa sdo constantes, ou derivam de um poten-
cial; as equagdoes de compatibilidade se identifi-
cam, néste caso, com as equacées de BELTRAMI
e também as tensdes sfo funcdes biarmonicas.
das coordenadas (x, ¥, 2).

IV — INTERPRETACAO DAS EQUACOES DE
LAME., APLICADAS AOS FLUIDOS

IV.1. — Ressalvadas tddas as consideragées
feitas no ITEM N.° 1, os fluides devem ser con-
siderados, em virtude da lei de NEWTON, co-
mo sistemas continuos eldsticos em que, 0 M-
dulo de elasticidade tangencial (7, dos corpos sd-
lidos, é substituido pela wiscosidade . As duas
referidas magnitudes, sfo caracteristicas elasti-
cas, que se manifestam em virtude da alteracio
de um estado do corpo, que pederiam definir,
cstado de repouso. A referida alteracio é de-
vida a aplicacdo de forgas, para os corpos soli-
dos, e 4 condicio de movimento, para os fluidos.

Parece l6gico, portanto, extender o uso das
equacdes de LAME para os fluidos, pondo-se:

onde £ € a variavel lempo em guanto, a expres-
sao de ) e dada pela (40).

Salientamos gue as equacdes dimensionais
de G e g, no sistema técnico (férga F, compri-
mento L, tempo T), sdo respeclivamente:

[F . L-2]

e gue, as expresstes (50} e
homogeneidade dimensional.

(51), garantem a

Procedendo, portanto, a4 substituicdo de G e
A respectivamente, pelas (50) e (51), temos que
observar que:

representa a velocidade de desloccamento de uma
particula e que:

depend upon a potential. Thy: equations of com-
patibility identify themselves with BELTRAMI's
equations and also the stresses are bi-harmonic
functions of the coordinates x, ¥. 2.

1V. — INTERPRETATION OF LAME's
KEQUATIONS, APPLIED TO FLUIDS

1V.1. — Recalling all the considerations
made in ITEM No. 1, the fluids should be con-
gsidered — by virtue of NEWTON's low — as
an elastic continuum, where the viscosity pu is
substituted for the modulus of elasticity in shear
G of solid bodies. Said magnitudes, are elastic
characleristics which manifest themselves, when
the state of a body changes from the rest state.
This change is produced by acting forces as for
as solid hodies are concerned and by a staic
of wniotion for the fluids.

Thus it seems to be logical to extend LA-
ME's equations for fluids, using

M

— = K, — (&I

where ¢ is the variable time, while the expres-
sion of ) is given by eqg. (40).

It is emphasized that the dimensional equa-
tiong of ¢ and ; considering dimensional ana-
lyses (force F, lenght L, time T) are, respec-
tively

[FF . L-2T]

and expressions (50) and
dimensional homogeneity.

{51), guarantee the

Therefore, substituting expressions (50} and
(51) for G and j, respectively, it should be observ-
ed that

=V (32)

represents the velocity of displacement of a
certain particle and that

82

sS40 as suas componentes nas direcbes dos eixos
coordenados.

34

= = w (53)

are their compenents in the direction of the
coordinate axes.
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IV.2. — Cabe, outlrossin. salientar uma outra
peculiaridade dos fluidos, que sugere formular
uma hipétese simplificativa, em relagfo aos esfor-
¢os normais. Como se sabe, ne estado de repou-
so, € verificada a condicdo de isotropia, no que
diz respeito a distribuicio das pressdes.

Se p é o valor isotrdépico, as caracteristicas

fisicas dos fluidos. permitem admitir que as
diferencas:
N,
N,
N
sejam muito pequenas e que seja licito por:
1
]’} =

Levando, entdo, em conta a (54), as expres-
sbes de N, N, e N, dadas pelas (48), sfo sus-
ceptiveis de uma ulterior transformacfo, através
de determinacdes analiticas, referidas no APEN-
DICE, ITEM C.

IV.3. — Em virtude das (50), (51), (52) e
(53}, e dos resultados obtidos no referido ITEM
¢, do APENDICE, as equagdes de LAME. apli-

(N, + N, + N

IV.2. — Another fluid peculiarity should
be emphasized, which suggests that a simplified
hypothesis could be formulated as far as normal
stresses are cohicerned. It is known that, in
the rest state, the isotropic condition with re-
gard to pressure distribution is satisfied.

By virtue of the physical characteristics of
fluids, the isotropic value p may be calculated
assuming that differences such as

P

b

»

are very small and that it is permissible to take

(34)

If eq. (54) is considered, the expressions of
N, N, and N, given by eqs. (48), are transform-

ed through analytical caleculations shown in
APPENDIX, ITEM C.
IV.3. — By virtue of egs. (50), (51), (52).

(53) and results obtained in that ITEM C of
APPENDIX, LAME's equations, applied to fluids.

cadas aons fluidos, tornam-se: become
2 o
N, = + ——— 4 . divV - 2
* b 3 # # il
2 av
N, = b + LdivV o~ 8
] 3 I M ay
2 aw
N, =p + i - div ¥ — 2 “° —
gz
v ow (55}
T, = — +
# ( dz Y )
i dw
Ty = — & ( ™ + oz )
cv ou
T, = —
z 13 ( ™ + » )

Em conclusio, pelas hipdteses estabelecidas
no ITEM IIL.1.6, as equacdes (55), ddao os para-
metros dos esforgos, em um ponto, como fun-
¢Oes continuas, lineares e homogéneas, das deri-
vadas das componentes da velocidade V, na di-
1e¢do dos eixos coordenados. Acrescentamos que,
para os fluidos:

REYISTA DAE,

To conelude, on the basis of hypotheses
established in ITEM III.1.6., egs. (55) give the
stress components (parameters) as continuous,
linear and homogeneous function of velocity V
derivatives, in the direction of coordinate axes,
It is to be added that, with regard to fluids:
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-— ndo existe o estado inicial de referéncia, cor-
respendente a uma cenfiguracdo molecular

definida (ver ITEM III.1.6);

o estado de isotropia — conforme constata-
¢Oes experimentais — & atingido, parando o
maovimento., em um intervalo de tempo de

extrema brevidade.

Parece, entao, natural e logico admitir-se que
as diferencas em relacio ao estado isotrépico, de-
pendam, apenas, das caracteristicas instantineas
do escoamento.

A velocidade V, &, por consegiiéneia, a ve-
tocidade instantanea.

AS BQUACOES (535), SATISFAZEM AS HI-
POTHESES, ADMITIDAS NA MECANICA DOS
FLUIDOS (NAVIER),

IV.4. — OBSERVACAQ

Dividinde ambos os membros das equagées
(31), (32), (33), pelo tempo t e, aplicando as
(53), teremos os angulos de rotacdo pela uni-
dade de tempo, isto é, as velocidades angulares
componentes, nos planos normais aos eixos coor-
denados.

Essas componentes coincidem com aquelas da
velocidade de deslocamento, sdbre a circunferén-
cia de raio unitario, ou também do rotor da
velocidade V. Sintéticamente pode se escrever:

— there is no initial reference state, correspond-
ing to a defined molecular configuration;

— according to experiential evidence isotropic

state from motion cessation is reached in an

extremely short time.

Therefore it should be logically assumed that
differences from isotropic state, only depend upon
instanteneous flow characteristics.

Velocity V, consequently, is the instantaneous
velocity.

Eys. (35y COMPLETELY FULFILL. THE
HIPOTHESES ASSUMED IN FLUID MECHA-
NICS.,

V.4, — OBSERVATION

Dividing eqs. (31), (32), (33) by time ? and
applying eqs. (53), rotation angles per unit of
time are obtained, namely, angular velocity com-
ponents, on planes normal to the coordinate
axes.

These components identify themselves with
those of the displacement velocity on a unit
radius circle, or alse with velocity V rotation
components. It may be written synthetically.

i j k
p A b
2 rotor V = -

ax Ay Az

U v u

Istn é: That is to say
cw v Gu A 1 fu

Zrotor V = 1|~ - + il - - - + k{- - = (560

3y oz GES & g cy

V.o - EQUACOES GERAIS OU INDEFINIDAS

PARA OS5 FLUIDOS
V.1, — Substituindo nas (21} os simbolos
N; e T, pelas expressOes analiticas corresponden-

tes (55), {ver APENDICE ITEM D.1) e recor-
dando que:
A=
du
o= A =
36

V. -— FLUID GENERAL EQUATIONS

V.1, Substituting into egs. {(21) the
corresponding expressions {55) for the symbols

N; and T; — see APPENDIX, ITEM D.1 —
and recalling that
7%
. p” -
v dw
dt T

REVIsTA D AKEK.



abtemos as trés equacdes indefinidas, conhecidas yvields three differential equations, called NA-
s0b © nome de equacdes de NAVIER-STOKES: VIER-STOKES' equations
du dp M 2 2
X - = - divy — ¢ V  u
F ( at ) A or K
dv ap I 2 "
el ¥V — ] = - divy — 4V v (5T
dat oy 3 oy
dw ap W d :
o Z - = ee— — divV — gV w
dt o2 3 oz
As (37) podem ser sintentizadas na equacio Eqgs. (57) may be synthesized in the vecto-

vetorial:

dat

(F - ) = grod (p —
Deverdo, outrossim, ser satisfeitas, as egua-
¢oes de contorno (22'), a equacdo de estado e a
equagdo da continuidade,
V.2, -—— Se nas (57),

(58) pomos

div V =

teremos as equagdes gerais para os fluidos in-
compressivels.

Tomando:

u =

teremos as equacgdes para os fluidos nido visco-
505 ou perfeitos.

Admitindo-se, entretanto:

div V =

obtemas as equacdes dos fluidos perfeifos incom-
pressiveis (equacdes de EULER).

A condig¢do de repousc, corresponde, eviden-
temente, V = o, (U = v = w = 0),

V. — MOVIMENTO DE UMA PARTICULA

FLUIDA SOBRE UMA TRAJETORIA

V1.1. — Projetande a (58), na diregdo do
elemento infenitesimal os, da trajetdéria de uma
particula fluida, em» movimento (APENDICE —
ITEM D.2), tiramos outra equacio, chamada
equacdo Wnica, isto é:

rial equation

2

div v) AV 4

(58)

Moreover, boundary equations, state equa-
tions and continuity equations, should be satisfied,

V.2. — Considering egs. (57), (58) with
(5%

the incompressible flutd general
obtained.

eguations are

Taking
o (59-a)

the perfect or nown viscous fluid equations are
obtained.

Therefore, utilizing hoth

60)

the incompressible perfect fluid equations (EU-
LER’s equations) are obiained,
The rest state evidently corresponds to V =

=0 (& =1 = w = ok
VI. — FLUID PARTICLE ON STREAMLINE
MOTION
VI.1. — Eq. (58) projected along the direc-

tion of flow of an element ds (APPENDIX,
ITEM D.2), yields another equation. called the
single equation, that is

u Vi

v @ r 1
F - = -
at a8 :
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div V + (61)

a =

)~
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av

~
¢

na gual ¢ a derivada local da velocidade e

¢,=

Sao validas as consideragdes feitas no ITEM
V.2

V1.2, — FLUIDOS PESADOS

No campo conservativo da gravidade, a equa-
cao (61) — apds transformacbes analiticas (ver
APENDICE, ITENS D.3.1.2.) — integrada en-
tre as posigbes (s = ;) e (s =s,), se identifica
com a expressio geral do principio de BERNOUL.-
LI, para os fluidos wiscosos compressiveis, em
movimento variado, isto é:

0O caso do movimento permanente, corres-
1

ponde = 0.

Se, outrossim, o fluido for incompressivel

entdio, por ser div'V = o e y = const, a (62), lor-
nar-se-a:

Pz — D1

av

where is the local derivative of velocity

and

W% + vV 4+ w Rw

Considerations shown in ITEM V.2 may be
extended to eq. (61).

VI.2. — FLUID IN A GRAVITY FIELD

Eq. {61) — aifter transformations suitable
to gravity field properties (see APPENDIX,
ITEMS D.3.1.2.) — integrated over the inter-
val s =4 and s =s; results in the general
expression of BERNOULLI's principle, for c¢om-
pressible viscous fluids in nownsteady state motion,
that is

0 P Ve
(z+ + -

(62)

av

Steady state motion corresponds io
= o.

Moreover, if the fluid is considered incom-
pressible, it will be div V = ¢ and y = const,
and eq. (62) becomes

82

(z; — 2z + +
Y

A condigdo y = o0, dd a equagdo para fluidos
perfeitos incomypressiveis.

Por outra parte, a equacgdo (62), sob as con-
digdes; p = 0 e V = o, tomando o sentido po-
sitivo do eixo 2, dirigido para baixo, torna-se:

(za — 21)

gue € a lei de STEVIN, generalizada, para o3
fluidos compressiveis,

VII. — A EQUACAO GLOBAL

VII.1. — Pela integracio da equacio (58),
em um volume ¢ limitado por uma superficie o
(ver APENDICE, ITEM E.1.2.),
equacido global:

obtém-se a

38

Va? — V,* ¥
3 = p ds
] y .V

dp
j Al

(63)
51

Taking 4 = O the equation for ideal incom-
pressible fluids is obtained.

On the other hand, assuming » = 0, V = 0,
and taking axis z directed downward as positive,
eq. (62) becomes

82

{64)
81

which is STEVIN's low generalized and appliable
to compressible fluids,
VII. — MOMENTUM EQUATION
VII.1. — Integrating eq. (58) with respect
to a volume r limited by a surface ; (see

APPENDIX, ITEM 1.2.), results in the mamen-
fum eguation which is
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J dr + / (p.m + pVV,) do

a

(63

onde;

¢, é a diferenca dos fluxos de fluido, que entram
e saem da superficie 4, na unidade de tempo; a
essa diferenca, corresponde uma variacio de vo-
lume, relacionada {(ver APENDICE, ITEM E.2,
cilculo de @) com a div V, isto é com a defor-
macao cubica unitdria, aplicada a todo o vo-
lume -,

A (65} consubstancia o principio das gquaun-
tidades de movimento, para os fluidos viscosos
compressiveis, em escoamento com regime ud=-
riedo.

A mesma (65) pode ser extendida aos movi-
mentos turbulentos, tomando, para as pressoes
e velocidades, e para o produto , (VV,), valores
médios, em um determinado intervalo de tempo
At, oportunamente escolhido.

VII.2. — A equacdo (65), contém 5 parce-
las que independem da compressibilidade. Isto é:

yrad @

where:

@ is the difference between {luid flows, enter-
ing and goig out across the surface 4 in the
unit of time; this difference is to be related to
the volume variation, corresponding (see APPEN-
DIX, ITEM E.2 calculation of @) to ditv V, that
is, Lo the unitary velumetric expansion, applied
to the whole volume r.

Eq. (85) expresses the momentwm principle
applied 1o compressible unsteady viscous fluid
flow.

The proper eq. (65) may be extended to
turbulent flows, by considering average values
of pressures, velocilies and products p (VV,), in
a certain lapse of time At, suitably selected.

VII.2. — Eq. (65) consists of 5 terms, which
do not depend upon compressibility. That is
10 say:

a) As forgas de massa, ou melhor, o péso G do a) Mass force, or hetter, weight G of the vo-
volume -, quando F = g = aeeleragdo de lume 7, when F = g = gravity aceleration.
gravidade.

G=prdr=fpgdf (66)
T T
b} As forcas de inércia (de D’ALEMBERT): h) Inertial (ou D’ALEMBERT's) force
v
1 = d
P T (67)
T
¢} A resultanle dos empuxos normais, sObre ¢} Resultant of normal internal forces, acting
a superficie g: on the surface ¢
E = f p . Mmdg (68)
a
d) As resultantes das quantidades de movimen- d} Resultant of momentum of the masses flow-

to, dos fluxos de massa que ehtiram e saem
da superficie

l\‘l=fp"V,ldcr=

(12
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ing across the surface

fp v a0

o

(69)
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¢} A resultante das forcas tangenciais sobre
toda a superficie g, em virtude da viscosida-
de p do fluide:

As parcelas que sofrem a influéncia da com-
pressibilidade do fluide, entretanto, sdo, respec-
tivamente:

(71)

A primeira, (70}, depende da variacio locul
da densidade e do movimento e, torna-se nula,
nas condigdes de repouso (V = () ou de perma-

e
néncia [ —— = ¢ }.
(5 =)

A segunda (71) se relaciona com a tiscosi-
ditde e com o gradiente de . Trata-se de uma
térca, pela qual sic responsaveis os atritos inter-
nos, que se opdem as variages volumétricas do
corpo, na unidade de tempo, dentro do principio
de conservacao da massa.

VIII. — CONCLUSOES

V1II.1. — As férmulas de LAME (48), que
fundamentiam a teoria da elasticidade dos cor-
pos solidos, relacionando esforcos normais N; ¢
tangeniciais T, (i = &, ¥, #), com as deforma-
¢bes correspondentes {(derivadas parciais dos des-
locamentos), sdo obtidas aplicando, somente, 0
prinecipio experimental, equacionado pela lei de
HOCKE generalizada (34).

VIII.2. — EXTENSAO DAS EQUACOES DE
LAME PARA OS FLUIDOS.

A extensdo das formulas de LAME para os
fluidos, foi feita, simplesmente, substituindec-se o
médulo de elasticidade tangencial G dos soélidos,
pela viscosidade y dos fluidos, levande, porém,
em conta as equacoes dimensionais, das duas
referidas magnitudes (ITEM IV.1), As com-
ponentes do deslocamento j resultam subs-
tituidas, automaticamente, pelos componenhtes da
velocidade V. As expressées dos pariretros nor-
maig N, sofrem ulterior modificacido, conside-
rando que, nos casos especificos dos fluidos, é
licito admitir que a pressdo isoirdpica p, é a
médin aritmética dos préprios N,

10

e} Resultant of tangencial forces on the sur-
face . by virtue of the fluid viscosity u

Ao (70}

The terms influenced by fluid compressibi-
lity, are respectively

grad @ (711"

The former (70) depends on local variation
o° density and motion and vanishes in the rest

-

op
state {V = O) or for steady flow ( . ) = 0

The latter (71) relates wiscosity and gra-
dient of discharge Q. It is a force, generated by
internal friction, which opposes volumetric va-
riation of the hody per unit of time, according
to the principle of conservation of mass.

VIII. — CONCLUSIONS

VIII.1. — LAME’s formulae, which are the
bases of the theory of solid bedy elasticity,
establish the relations extant between normal
(N;) and tangential (T;) stresses (i = 2 ¥, 2)
ard corresponding strains (displacement partial
derivatives). They are obtained, by applying,
exclusively, the experimental principle, put into
equation by HOOKE's generalized low.

VIII.2. —- LAME's EQUATIONS EXTENDED

TO FLUIDS

The extension of LAME's equations were
made Dy merely substituting fluid viscosity g
for the coefficient of elasticity in shear & of
solid bodies; dimensional equations of said mag-
nitudes were nevertheless taken inte conside-
ration (ITEM IV.1). Velocity V components
are automatically subsituted, for displacement §
components,
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Assim, pois, as considera¢tes expostas no
ITEM IV.2., permitem concluir que as formulas
(55} obtidas para N; e T,;, satisfazem completa-
mente as chamadas hipoteses de NAVIER.

VIIT.3. — As equacdes de LAME (48), sio
viilidas, portanto, para todos os sistemas conti-
inuos, e a sua aplicacdo a corpos diferentes, de-
pende das caracteristicas fisicas dos mesmos.

380 obtidas, pois, as equagbes gerais {(inde-
finidas), para todos os sistemas gue se engua-
dram no meio continug, isto é:

-— para os corpos sdélidos, as equacdes (49), a se-
rem combinadas com as equagbes de compa-
tibilidade e de contdrno;

— para o0s fluidos, as equacoes de NAVIER e
STOKES (57}, combinadas com as equacdes
de contorno, de continuidade e de estadc.

As equagbes (537) integradas ao longo da
trajetdric de uma particula do fluido pesado,
ddéo, como resultado, o principio de BERNOQULLT
ou da energia (62). As mesmas (57), integradas
em um volume 7 limitado por uma superficie g,
se identificam com o principio da quantidade de
movimerto (65),

Cabe-nos salientar gque, as férmulas (62) e
(65), determinadas no presente estudo, equacic-
nam os dois referidos principios, para o caso,
mais geral, dos fluidos viscosos compressiveis, em
escoamento com regime vuriddo.

VIII.4. — O estudo analitico unificado do
meio continuo estabelece, duma vez, os princi-
pios fundamentais da ciéncia das construgées,
da teoria da elasticidade e da mecdnica dos flui-
dos; representa, por conseqiiéncia, uma racio-
nalizagdo de metodologia, seja no campo cien-
tifico, seja no campo didatico. Pode ser realiza-
da, outrossim, uma economia nao desprezivel no
ministro de cursos, uma vez QuUe 0s programas
sejam convenientemente entrosados.

BIELIOGRAFIA

K. TORROJA — “Elasticidad”.

A. BANDINI — “Sintese de Mecanica

E.E.S.C. da USP, Sac Carlos, 1963.

T. LEVI CIVITA — “Meccanica Razicnale”.

REVISTA D.A.E,

dos Fluidos".

Normal parameter N; expressions, undergo
further modification, considering that — in the
specific case of fluids — it is valid to assume

that the isotropic pressure p, is the arithmetical
average of the proper N,

VIII.3. — LAME's equations, conseguently,
are vahid for whatever continuum, their appli-
cation procedure depending upon the characte-
risties of the body.

Thus, general (indefinite) equations for all
systems within the continuum were obtained.
Namely:

— for soiid bodies, equations (49), when combin-
ed with compatibility and boundary equa-
tions;

fluid bodies, NAVIER and STOKES'

equations (57), combined with boundary, con-

tinuity and state equations.

~— for

From eqs. (537), when integrated along a
stream-line in a gravity field, BERNOULLI's
{or energy) principle (62) results. The same eqs.
(57} integrated with regard to a volume - limit-
ed by a surface o Iidentify themselves to the
momentwm principle (65).

It should be emphasized that, equations
(62) and (65), derived in the present study, put
into equation the foregoing principles, for the
most general case, considering unsteady flow of
compressible viscous fluid.

VIII.4. — The unified analytical study of
the continuum, establishes altogether the basic
principles of Construction Science, Theory of Elas-
ticity and Mechanics of Fluids, consequently it
represents a methodology rationalization, either
in the science or in the teaching field. Moreover
an appreciable saving of time can be derived,
as far as course performance is eoncerned,
provided that the programs be suitably coord-
inated.
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APENDICE

A CONDICOES DE EQUILIBRIO.
DESLOCAMENTOS. DEFORMAGOES

Al
TERNO.

— EQUACOES DO EQUILIBRIO IN-

A.11 — OBTENCAGC DA EQUACAO
(ver ITEM I1.1.2).

(11}

As forcas de massa e de inéreia aplicadas ao
paralelepipedo de massa dm,
merte:

sfio respectiva-

F . dm

A . dm

As resultantes dos empuxos atuantes, sébre
o0s trés pares de faces (FIGURA N2 3), normais,
respectivamente aos eiros x, ¥y, 2, sdo, recerdan-
ao também a (7):

F.,.

A

APPENDIX

A — EQUILIBRIUM STATE —
DISPLACEMENTS — DEFORMATIONS
(STRAINS)

A.1 — INTERNAL EQUILIBRIUM EQUA-
TIONS.
1n

Al EQUATION DETERMINA-

TION (see ITEM II1.1.2),

The mass and inertial forces, applied to
parallelepipedon having mass dm, are respecti-
vely

dr
72)
. d'r

Internal force resultanis, acting on the three
couples of faces (FIGURE No. 3), normal to
the respective axes x, ¥y, 2, recalling eq. {7), are

P apy P
- dr; - dr; - dr (73)
g oy 02
Somando as (72) e (73) e dividindo-se por Summing eqs. (72) and (73) and dividing

dr, obtém-se a equacio (11).

A1.2
(13), (14),

OBTENCAQ DAS IGUALDADES
(15 (ver ITEM II.1.3).

Consideremos por exemplo, os momentos em
relacdo ao eixo de simetria, paralelo a 2z (FIGU-
RA Nw& 43,

Az unicas forcas que podem dar um mo-
mento, slo, evidentemente, as componentes p,,
€ Dy

Considerando positivos os momentos que pro-
duzem uma rotacio anti-horaria, ter-se-a:

Py

S? + o +
Pry ( By o

- Pyr + ( Pyx +

42

apyx

through by dr, eq. (11) is obtained.

A.1.2 — TO OBTAIN EQUALITIES (13,
(14), (15) (see ITEM II.1.3).

Consider, for instance, the moments about

the symmetry axis, parallel to 2 (FIGURE No. 4).

The only forces, which can give rise to a
moment, are evidently, the components p,, and
p_’].‘r'

If moments yielding counterclockwise

tations are considered positive, then

ro-
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E, desprezando, os infinitesimais da 4. or-
dem:

Yoy = Dy

Analogamente, calculando os momentos em
relacdo a eixos de simetria, paralelos, respecti-
vamente acs eixos y e », obteria-se-fo. a (1) e
a 15,

A.1.3 — OBTENCAO DA EQUACAO
tver ITEM II1.2.2).

(22}

Considere-se (FIGURA N.» 53) uma das fa-
ces, por exemplo, a face OBC di,, normal ao
eixo x. Podem-se verificar duas eveniualidades:
aresta OA estd orientada na direcdo positiva
do eixo x. ou na direcdo contraria.

d

No primeiro caso (FIGURA IN.» 12), a nor-
mal interna n, ao elemento da,. tem o mesmo
sentido do eixo z, logo (ITEM II1.1.1) o esférco
p, € positivo ¢ 0 empuxo sera:

JdE, =
Mas:
da, = dr cos (I80
Logo:
dE, = — p,
+Z
— 180° —nk
P, {+) 5
da
—_—
Nx
da,
0 A X
i
<
FIGURA N2 12

No segundo caso (FIGURA N2 13), a nor-
mal interna m, 2o elemento da;, tem sentido
oposto ao eixo x, logo (ITEM I1.1.1) o esfdrce
p, € negativo, e:

REVISTA D.AE.

Since in mosl cases 4th degree infinitesimals
are negligible:

(74 = (15}
Likewise, calculating the moments about
axes of symmetry parallel to the respeclive

axes y and r. equalities (14> and (12) are ob-
tained.

A1.3 DERIVATION
(see ITEM II 2.23,

OF EQUATION
(22)

Consider (FIGURE No. 5) one of the faces,
for instance, the face OBC = da, normal to axis
x. Two possibilities exist: the edge 0OA either

has the same or opposite direction as axis .

In the first case (FIGURE No, 12), the
inward-drawn normal n, to the element da,,
has the same direction as axis x, therefore

stress p,. is positive and the internal force will be

P da,
But
A ~
— nx) = — du ros nx
Therefore
da cos (75)
+2Z
L)
P
T
— % +X
e
P

FIGURA N.° 13

In the second case (FIGURE No. 13) the
inward-drawn normal n, to the element da, has
a direction, opposite to axis a, thus (ITEM II.
1.1), stress p, is negative and

43



Por outra parte:

da, =

Por consegiiéncia:

dE, = — p,

As (73) e (76) mostram que, a expressio
de dE, é sempre wnegativa,

Analogamente, considerandn os empuxos so-
bre elementos du,, da, normais acs eixos ¥ e 2.
obtemos:

d EH =

dE, =

Serd, em cada caso, o sinal do ccseno,
fixa o sinal do empuxo.

que

Aplicando, entdo, o 1.2 principio da Estatica.
isto &, somando os empuxos (76}, (77), (78), e
0 empuxo gdd, que age sobre a face ABC, obte-
remas a eguacio {22),

A.1.4 — OBTENCAO DAS EQUACGOES (31,
(32), (33) (ver ITEM III.1.5).

Consideraremos (FIGURA Ne° 9) os pontos
a € d, respectivamente, origens dos segmentos
ac = dz e db=dy, uma vez que, partindo dos
referidos pontos, os segmentos sioc percorridos.
na direcdo positivas dos eixos cocrdenados.

Quando o centro O se desloca para a posicéo
0, o deslocamento horizontal da origem «, ¢
td = 3§y e o deslocamento vertical da origem d
e dD = §,.

Ter-se-a, entio:

a8y

a’c, = dz;

~
LE

Logo, considerando positivas as rotacdes an-
ti-horarias (FIGURA N.= 9):

a'b, 08,
- wr.1 = = - 7
dy dy
E, finalmente;
i
Wr = 2 ( Wrl + l‘.d;('.?) =

que coineide com a (31),

14

A
— Pyt cos ny

A
— p:lu cos nz

P, da,
On the other hand
A
COs Hr
Consequently
(76)
~
du cos nr
Egs. (73) and (76) show that expression

of dE, is always negative.

Likewise, considering internal forces on ele-
ments da, and da., normal to axes y and z,
yields

(70
8

For any case, the cosine sign will establish
internal force sign.

Then, applying the 1st principle of Statics
— namely summing internal forces (76), (77),
(78) and internal force ¢da acting on the face
ABC — eq. (22) is obtained.

A 1.4 — Egs. (31), (323, DETERMI-
NATION (see ITEM III.1.5).

(33)

Consider (FIGURE No. 9) two positions u
and d, starting from which, a point runs across
— respectively — the segments ae = dz and
db = dy, in the same positive direction as coor-
dinate axes.

When the center O moves to & new position
O, the horizontal displacement of the point «a
is «A = §,, while the vertical displacement of
the point d is dD = §,.

Then, we have

28,
db, = - — dy
oy
Thus, if counterclockwise rotations are
assumed positive (FIGURE No. 9}
d'e, a8y
- ) = = (80
o dz 2
At last
1 08, GL
- (81)
2 oy 0z

which identifies itself to eq. (31).
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De um mode anidlogo, caleculam-se os a&ngu-
los de rotacdo o, € w, NOs planos normais, res-
pectivamente, aos eixos ¥ e z.

B — RELACOES ENTRE ESFORCOS
E DEFORMACOES

B.1 — RELACOES ENTRE ESFORCOS N;
E DEFORMACOES i, (ver ITEM III.1.T) -—
OBTENCAO DAS EQUACOES (37), PARTINDO
DAS (36).

Somando as equacdes (36). e posto:

i =
temos:
m - 2
- i, = —
mE
Dai:
N, + N,
- — =
Mas, da primeira das (36), tlira-se:
N, + N,
B mE

Igualando os segundos membros das (84) e
«85), temos:

N, m o+ I
E m
E. finalmente:
m . B
Nr = —_— —_— ’il —
m + 1
E. posto;
m . E
o+ 1
2G
m — 2
a (87) torna-se:
N, =

Analogamente, obtém-se as duas outras ex-
pressdes:

REVISTA D.AE,

Likewise angular rotations g, and o
placed on planes normal. respectively, to axes
y and z -— are calculated.

B — RELATIONS BETWEEN STRESSES

AND STRAINS

B.1 — RELATIONS BETWEEN STRESSES
N, AND STRAINS i; (see ITEM III.1.T) —
EQS. (37) DETERMINED STARTING WITH
EQS. (36).

Summing eqs. (36) and taking

o+ + i (82)
yields
(Nj + Ny + Nz) (831
Thence
NI iC
— 4 - (84
mE m - 2
But, from the first of eqs. (36), is drawn
N,
- - i, (83
E

Then egs. (84) and (85}, combine to give

&

m — 2 (86)
And, at last
m . E
e ir (87)
m+ 1) (m—2)
Taking
=2 . (88)
= A (89)
eq. {87) becomes
- BGH; — A, (90)

Likewise, the following eqs. (91) and (92},

are obtained.
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N!l

N,

B.2 RELACOES ENTRE ESFORGOS
TANGENCIAIS T, E DEFORMACOES ANGU-
LARES v,

DETERMINACAO DO ESFORCO o,
DIAGONAIS Ob, ae (ver ITEM III.1.8).

NAS

B.2,1 — Admite-se que, sGhre as faces, dos
tetraedros, normais aos eixos x e :. age exclusi-

vamente o esforco tangencial:

Vez = Per = Tw

sendo:
N,

(s esforcos g, sObre a base de cada tetraedro,

sdo caleculados pelo teorema de CAUCHY (22),
gue no caso em tela, da:
a. = T, | cos
e =T, | cos
Logo
a = l‘/’af,.

Isto &, todos os esforcos, se identificam com
¢ valor unico T, sendo, cada um, normal a base
respectiva. O sentido de 4, serd estabelecido pe-
los sinais — positivo ou negativo — de ¢, e o,

~ A
logo de cos n: e cos nx.

B.2.2 — Por brevidade, chamaremos uvérki-
ce principal de um tetraedro de CAUCHY, o
ponto de intersecio das trés arestas paralelas
aos eixos coordenados e base a face, oposta ao
préprio vértice principal. Facamos referéneia ao
cubo da FIGURA N2 11, e consideremos (FI-
GURA N.» 14) os 4 tetraedros — indicados a se-
guir — a base de cada um dos quais, tem incli-

nacao de 45° em relacio as faces do cubo.

1 — Com vértice principal em © e base
aed.

2 — Com vértice principal em b e base
wef.

3 — Com vértice principal em ¢ e base
Obg.

4 — Com vértice principal em « e base
Obe.
16

2Gi, — Wi

2Gi, — A

(91)
(92}

B.2 — RELATIONS BETWEEN TANGEN-
TIAL STRESSES T; AND ANGULAR DEFOR-
MATIONS vy, DETERMINATION OF STRESS
g. ON DIAGONALS Ob. ac (see ITEM IIT 1 8).

B. 2.1 - It is assumed that, on tetrahedron

faces, normal to axes r and 2, tangencial stress

only is acting, since

Stresses g, acting on the basis of each tetra-
hedron, were calculated by CAUCHY's theorem.
which for this case is

~ T!f
wnr = — 94
l/ 2
A TQ‘
ne = = (95)
) 2
Thus
+ 6% =T, (96}
This implies that all the stresses o, are

normal to the corresponding bhase and identify
themselves to a single value T, The direction

of 4, will be established by signs — positive or
A
negative — of ¢, and ¢, therefore, of cos nz and
-
cos Ha.

B.2.2 — Main vertex of CAUCHY's tetra-
hedron, will be called the point-intersection of
three edges parallel to co-ordinate axes and the
basis will be calied the face oppossite to said
vertex, Consider the same cube as in FIGURE
No. 11 and four tetrahedra (FIGURE No. 14),
having respectively:

1 — Main vertex O, basis acd.
2 — Main vertex b, basis acf.
3 — Main vertex ¢, bagis Obg.
4 — Main vertex «, basis Obe,
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FIGURA N.»° 14-a

A aresta ac é comum aos tetraedros 1} e
2}, em quanto a aresta Ob é comum aos tetrae-
dros 3 e 4. Por outra parte, Ob e ac, sao as
diagonais da face Oabc do cubo.

Para facilitar o exame, consideremos as pro-
jecles, sbbre a face Oabe, dos 4 tetraedros (FI-

GURA N.° 15), representados, respectivamente,
pelos triangulos: ¢Oa (1), eba (2}, beG (3),
ba0 (4).

Tracadas as normais internas n, indicamos

0s @ngulos nx e nz, para as guatro posicdes (1),
2), (3), 4.

Reunimos no QUADRO N.* 3, os valores dos
cosenos, de ¢, e g,

1Z
C b
r,’ "
I
AN
/’ : *
dz ) (-
g 1 Y
- f
P | 1
- g 1 Al
L7 ! y
. |
qa \
e s e  E—
-~ N \
~ N
'H.\ N \
‘n\ ~ \
d y ~ -~ \\ \
~ aon
I \\\
d e
dx
y
FIGURA N.o° 14-b
It is emphasized that the angles between

those bases and faces of cube, are 45° angles.

Edge ac belongs to tetrahedra 1) and 2).
while edge Ob is common element of tetrahedra
3) and 4). On the other hand, Ob and e are
diagonals of cube face Oabe.

To make easy the explanation, the projec-
tions of four tetrahedra — represented, respec-
tively, by the triangles cOa (1), cba (2}, bcO
(3), buO (4) in FIGURE No. 15 — on the face
Cube, are considered.

The angls between inward-drawn normal n
and axes xz(nx} and z(nz) are shown for the
positions (1), (2), (3), (43,

A A .
Values of cos nx, cos ni, ¢, and g, are united

in TABLE No. 3.
Postcao cos ¥ cos 13 0z o
(Description)
1 1 Ty Ty
1) o = vy | J
|2 Ve |3 Ve
4 1 Ty T,
2) = ! Ty ‘
I// 2 ¥ 2 | z [ ?
1 1 Ty Ty
3 - - p— —~ | /
Ve | | Vo#
1 1 Ty Ty
Y T Ve oy
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0Os dados do QUADRO N.° 3, nos permitem Data in TABLE No. 3, help to complete
completar a FIGURA N.°o 15, tracando gy oz € FIGURE No. 15, drawing g, o, and g, on 4
g nos 4 trigngulos e indicando o sentido do triangles and showing stress o = T, direction.
esforeo o = T,, gue age ao longo das duas dia- acting along square Cabe’s two diagonals.
gonais do quadrado Oabe.

IT, (5]
G =1,
FIGURA N.»° 15
¢ — DETERMINACAO DE N, N, N, NA C — DETERMINATION OF N, N,, N,
FORMA (55) (ver ITENS IV.2 e IV . 3) EXPRESSED BY E@S. (55) (see ITENS
IV.2 AND 1IV.3)
Das equagdes (90), (91) e (92}, levando em Egs. (90, (91), (92) and (53) combine to
contia as (53), tira-se: give
o du
N, - N, =2 — 97
’ oy oz
dw au
N, - N, =2 - (98)
i : 'u( GE ox )
QOu melhor: Or better
U
N, — (N, + N, = 2, (div YV — 3 ) (99)
[k
Porém, em virtude da (54): But, by virtue of eq. (54)
~ (Ny + N;) =N, - 3p (100)
Substituindo a expressio (1000 na equacio Combining eqs. (100} and (99
(99 :
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a3

N, » +

Tirando N, e N, respectivamente, das equa-

'u_di’lx‘v—ﬂy,

U
(101

~

ox

Drawing N, and N,, respectively, from eqs.

¢oes (97) e (98), e, substituindo N, pela expres- 97y and {(98) and substituting eq. (101} for
sao (101}, teremos também: N, it is also obtained
2 v
N, =p + pditV. — 2, (102)
’ 3 Yy
2 Cw
N, = p divvV — 2 (103»
2 o+ 3 ® u 5z
D — OBTENCAO DAS EQUACOES GERAIS D — CALCULATION OF GENERAL
PARA 0OS FLUIDOS EQUATIOS FOR FLUIDS
D.1 — EQUACOES INDEFINIDAS {ver D1 — INDEFINITE EQUATIONS (see
ITEM V.1). Lancemos miaos da primeira das ITEM V.1). Consider the first of egs. (21)
equagtes (21), e substituimos N,, T, e T,, pelas  and substitute egs. (55) for N,, T, and T,. It
(55): Ter-se-a: will be
N, dp 2u d o2y G )
= div §¥ =
ox o 3 o Y o ax
oT, ou d ov
w T e Tt 2y
0Ty c2u & dw
oz - TR e THF 8z
E, somandc as 3 equacfes precedentes: Summing the foregoing equations
N, aT, o, dp i g .
+ + = - div V. — u (104}
x ey GE] dx 3 dr Y
Operando de um modo andlogo na 2.2 e na Likewise, considering the 2nd and the 3rd
3.2 equacgfo, teremos: of egs. (21} we obtain
0T, Ny a7, op 3
+ + = - div 'V — v (105)
o ay B2 By 3 3 #V
0Ty a7y N, Cp 3 .
+ = - div ¥ — w (106}
9z &y 8z 0z GE] #V
D.2 — DETERMINACAO DA EQUACAO D.2 — DETERMINATION OF THE “SIN-

UNICA (ver ITEM VI.1).

As parcelas de equacdo (58), projetadas na
direcio do movimento de uma particula, tor-
nam-se, respectivamente:

GLE"” EQUATION (see ITEM VI.1).

The terms of eq. (58), projected along the
trajectory of a particle, respectively become:

d¥ a.v- v oV
ds=VdV = =Vd.V=V( ds + dt):
2 ] ot
g Ve iV
= + ds
és 2 ~t
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-

28 cs
ds
v

Substituindo na {58}
nova expressio,

para cada parcela, a
obtemos a equacio (61).

D.3 — OBTENCAC DO PRINCIPIO DE
BERNOULLI (ver ITEM VI 2),

3.3.1 — Suponhamos que as fdrcas exter-
nas:

F= X . i+
dependem de um potencial U (x. ¥, 2), sendo
entdo:

&7 oty U

1
oy az

>

o
Substituindo a {107") na {61),

av g B &
dai o8 p 2

teremos:

D.3.2 — No campo da gravidade, em que:

F=g X =0

da 3.4 equacio (107}, tira-se, integrando:

U= — gz

Substituindo-se, na (108), e integrando en-
ire 8; e 8;, obtém-se a equagdo (62).

E — OBTENCAO DA EQUACAO GLOBAL
{(ver ITEM VII.1)
(58),

E.1 — A equacdo substituindo-se a

dv
derivada total -T . pela sua expresséo, e inte-

grando no volume ;. limitado pela superficie ¢
torna-se:

T

A% oV

50

ap ¢ ds
ds ; (di- V) ds - (

WPy 4+ g2 + wVlw = -

[o(em ) en [

at

do dy . dz
R e

f,

W
- —ds
v

Substituting, into eq. (58), the new expres-
sions for the old ones, yields eq. (61).

D.3 — BERNOULLI's PRINCIFLE DETER-
MINATION (see ITEM VI. 2},

D.3.1 — Suppose that external forces

Z.j+ Y.k

depend upon the potential U7 (r, y. ). Then
au
A (107> = F (107"
o5
Egs. (107 and (61) combine to give
. # ¥
- div V) - — — (108)
Ip P 4

D.3.2 — In a gravity field, where:

- g

dz
the third equation {(107), inlegrated gives
+ const.

The foregoing expression of U must be

introduced into eq. (108), which, integrated
between s; and §; becomes eq. (62).
E — DETERMINATION OF GLOBAL

(see ITEM VIIL.1)

E.1 — Substituting the corresponding expres-
av

sion for the total derivative _d_t — and integrat-

ing with respect to volume 7, limited by surface,
a, eq. (58} becomes

“
P - 5 div V)—#Vz V]dr+

¥
d
— v ) .

(109
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E.2 — Calculemos as integrais do 2.° mem- E.2 — Calculate the integrals of the second

bro. member,
1) Em virtude da expressac de gradienfe e 1} By virtue of expression of gradient and
pelo lema de GREEN, temos: GREEN's lemma, it is
#p ip ep ) -
i+ i 4 kldr = — i.cosnx +
dx 8y ! oz ) i P
T [+3
+ jcos ny + k .cos?ta) dg = fp .n . dg (110}
2) Pela definigio de divergéncia e pelo le- 2)  From divergence definition and GREEN's
ma de GREEN: lemma
“ du v dw g P ) -
— + + = U . CO8 nx +
$ b 2y 3z 7 3
T a
A~ A #
+ UV . cos ny + w . cos n2) dg = —:g—fv,‘ do {111
Logo: Thus
. o
- grad f div V. dr = -—§¥ grad @ (111%)
T
3) Recordando a expressdo do operador de 3) Recalling LAPLACE's equation and
LAPLACE, e, aplicando ¢ lema de GREEN: applying GREEN’s lemma
g 8y 3 av 2 v oV A
- + + dr = cos nx +
# ( ox ox oy oy oz ik ) T Mf( oz
a
ov - eV av
+ cos R de = d 112)
oy v 9z ) 7 # [ an ?
a
4) Recordando o lema de GREEN e a de- 4) From GREEN's lemma and the defini-
finicdo de divergéncia; tion of divergence

v v v a (pu 'V} 9 (pv V)
w o+ v+ — w) dr = + +
p( ax oy az ) T f[ ox ay
T T
2 (pw V) ? (pu) J (pr) 2 (pun
4 — | dr = |V + — o — dr =
0z ] i B dy dz T
T

= —fpV (w cos nx + v cos r?y + w cos ny) dy — fV div (p¥) dr

T T

Mas, em virtude de equacdoc da continui- But, by virtue of equation of continuity
dade:
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Assim pois,

poderemos escrever:

3
ot

div (pv) = —

Therefore, it may be written

eV v
v 4 w) dr =

—fpVVnda+

3y 0z
T a
dp
+ Y - dr (113}
dt
T
Substituindo na (109), as expressbes equi- Egs. (109), (110), (1117, (112) and {(113),

valentes (110),

(111°),

equagdo global (65).

52

(112) e (113}, obtemos a

combine to give the global equation or momen-

tum eguation (65).

REVISTA D.AE.



